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Motivation I - Ill-posed problems

Matrix factorization

= + · · · + =

A′

◦

C′

Non unique - except under constraints

Tensor decomposition - Canonical polyadic (CP) decomposition

= + · · · + =

A

◦

B

◦

C

Unique - Kruskal’s condition - 2R + D − 1 ≤
∑

d κd
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T EEG = (A⊗ B ⊗ C )IR + E T MEG =
(
A
′ ⊗ B ′ ⊗ C

)
IR′ + E
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Motivation II - Noise removal

Scenario : C = C
′, SNR = 25dB SNR ′ = 65dB, Uncorrelated A

Uncoupled (MSE) Coupled

CRB Sim. CRB Sim.

A 0.008 0.008 0.007 0.007

B 0.016 0.016 0.010 0.015

C 0.018 0.018 1.25× 10−6 1.09× 10−6

A′ 1.13× 10−6 1.13× 10−6 1.13× 10−6 1.13× 10−6

B′ 9.23× 10−7 8.88× 10−7 9.23× 10−7 8.88× 10−7

C′ 1.25× 10−6 1.10× 10−6 1.25× 10−6 1.10× 10−6
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Similar factors

Until recently C = C′

Harshman1984, Banerjee2007, Singh2008, Lin2009,
Acar2011/2013a/2013b, Yilmaz2011, Sørensen2013, Sorber2013

What if C ≈ C′ ?

Seichepine2014 - Penalization ‖C− C′‖F or ‖C− C′‖1
Approximation setting

What if C is similar to C′ but in a broader sense ?

Bayesian setting
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Bayesian approach

1 Parameters θ =

 vec(A)
vec(B)
vec(C)

 and θ′ =

 vec(A′)
vec(B′)
vec(C′)

 are random

2 Known prior distribution p(θ,θ′) and likelihoods p(Y|θ) and p(Y ′|θ′)

MAP estimation under conditionnal independance,

arg max
θ,θ′

p(θ,θ′|Y,Y ′) = arg min
θ,θ′

Υ(θ,θ′)

Υ(θ,θ′) = − log p(Y|θ)− log p(Y ′|θ′)− log p(θ,θ′)
= data fitting terms + coupling
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Joint Gaussian modeling

Joint model

M

[
θ
θ′

]
= Σu + µ

M has left-inverse, u ∼ N (0, I), Σ is a diagonal covariance matrix

Joint Gaussian distribution[
θ
θ′

]
∼ N{†Mµ,Γ}, where Γ = (†M)ΣΣ(†M>)

MAP

Υ
(
θ,θ′

)
=

2∑
k=1

‖T k − (Ak ⊗ Bk ⊗ C k)IRk
‖2 + ‖

[
θ
θ′

]
− †Mµ ‖2

Γ−1
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Joint Gaussian modeling : Example

Coupling the third factors, with some non-informative priors on the other
factors 

1
σ2
A
I

1
σ2
B
I

1
σ2
c
I − 1

σ2
c
I

1
σ2
A′
I

1
σ2
B′
I

1
σ2
C ′
I





vec(A)

vec(B)

vec(C )

vec(A′)

vec(B ′)

vec(C ′)


= u

This yields vec(C ) ∼ N
(

vec(C ′), 1
σ2
c
I

)
, i.e. C = C

′ + ε.
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Hybrid Gaussian modeling

Coupling with linear transformations

HC ≈ H ′C ′

0 1 2 3 4

Sampling grid for C′

0 1 2 3 4

−2

−1

0

1

2

t - Sampling grid for C

A
m

p
lit

u
d

e

c1(t) c1 c′1

Sampling the same continuous function

c r (t) ≈
K∑

k=1

c rkh(t, tk) ≈
K ′∑

k ′=1

c ′rk ′h
′(t, tk ′)

where H lk = h(tl , tk), H ′lk ′ = h(tl , tk ′) and {tl , l ∈ 1, · · · , L}
Gaussian model[

. . . . . .
0 diag blk(H) −diag blk(H ′)

] ...
vec(C )
vec(C ′)

 = Σu
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ALS - Hybrid Gaussian case

Υ(θ,θ′) =
2∑

k=1

1

σ2k
‖Yk − (Ak ⊗ Bk ⊗ C k)IRk

‖2F +
1

σ2c
‖H1C 1 −H2C 2‖2F

Uncoupled Factors Estimation
Â1 = Y

[1]
1 (B̂1 � Ĉ1)† Â1 = Y

[1]
2 (B̂2 � Ĉ2)†,

B̂1 = Y
[2]
1 (Â1 � Ĉ1)† B̂1 = Y

[2]
2 (Â2 � Ĉ2)†,

Coupled Factors Estimation : Sylvester Equations{
H

T
1 H1Ĉ 1 + Ĉ 1F

T
1 F 1 − H

T
1 H2Ĉ 2 = Y

[3]
1 F 1

H
T
2 H2Ĉ 2 + Ĉ 2F

T
2 F 2 − H

T
2 H1Ĉ 1 = Y

[3]
2 F 2

where F 1 = (Â1 � B̂1) and F 2 = (Â2 � B̂2)
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Similar factors

A

◦

B

◦

C A′

◦

B′

◦

C′

10

3
(1/σ2

c )‖C− C′‖2F

Low SNR
σn = 0.1

High SNR
σ′n = 0.001

101 102 103 104 105
10−6

10−5

10−4

10−3

10−2

10−1

100

101

Coupling intensity - 1
σc

T
ot
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M

S
E

CRB uncoupled - C

CRB uncoupled - C′

HCRB coupled - C
Sim. flex. coupling - C
Sim. hard coupling - C
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Sampling

Bandlimited periodic signal

0 1 2 3 4

Sampling grid for C′

0 1 2 3 4

−2

−1

0

1

2

t - Sampling grid for C

A
m

p
lit

u
d

e

c1(t) c1 c′1
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Sampling III

A

◦

B

◦

C

24

A′

◦

B′

◦ 37

C′

10

3

(1/σ2
c )‖C−H′C′‖2F

High SNR
σn = 0.001

(((((hhhhhShannon

Low SNR
σ′n = 0.4

Shannon

Total MSE on the continuous functions (numerical integration)

C (((((hhhhhShannon C′ noisy

Uncoupled 33.4968 2.6581

Coupled 33.4968 1.0375
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Disjoint Compression

C = C
′

C c : = Ŵ
T
C

C
′
c : = Ŵ

′T
C
′

ŴC c 6= Ŵ
′
C
′
c

Indeed, C and C ′ do not respectively belong to the column space of Ŵ

and Ŵ
′
.
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Joint compression

By choosing the same basis for the coupled mode, the coupling relationship
is still exact even though the basis is estimated from noisy data.

C = C
′

C c : = Ŵ
T
j C

C
′
c : = Ŵ

T
j C
′

C c = C
′
c

W j can be defined as the basis of the concatenated mode [C ,C ′]:

TrunSVD

([
T (3)

σn
,
T
′
(3)

σ′n

])
= W jN j
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Conclusions

• Bayesian setting allows naturally to define flexible couplings
• Flexible couplings: explore transition between exactly coupled and

uncoupled models
• Flexible couplings: allow to fuse heterogeneous data

• Different noise levels (Trivial)
• Different subsets of latent variables (Standard Coupled CP)
• Similar but different coupled factors ([Seichepine2014])
• Coupled factors with different nature (Tweedie)
• Coupled factors with different sizes (Sampling rates)

• Other points:
• Algorithm for nonnegative coupling
• Compression of coupled data
• Performance (Bayesian and Hybrid CRB)

Exploring multimodal data fusion through joint decompositions
with flexible couplings - arXiv:1505.07717

Thank you for your attention!
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Examples: non Gaussian coupling

When C > 0 and C′ > 0, why Gaussian coupling ?

Coupling with Tweedie’s distribution (strong coupling)

p(C ij |C ′ij) ≈ (2πφCβ
ij )
−1/2 exp[−dβ(C i ,j |C ′i ,j)/φ]

where dβ(C i,j |C ′i,j) is the β-divergence

Types of coupling

β = 1 - Poisson, β = 2 - Gamma, β = 3 - Inverse Gaussian
(β → 0 - Gaussian as a degenerated case)

MAP

Υ
(
θ,θ′

)
=

− log p(Y |θ)− log p(Y ′|θ′) +
∑

ij

[
(β/2) log (Cij) + (1/φ)dβ(C i ,j |C ′i ,j)

]
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Nonnegative coupling

Gamma × Gamma × Gamma model

A

◦

B

◦

C A′

◦

B′

◦

C′

10

3
∑

ij

[
log
(
Cij
)
+ (1/φc )d2(C i,j |C ′

i,j )
]

Gamma
φn = 0.5

Gamma
φ′n = 0.05

Multiplicative update algorithm - φc = 0.05
Uncoupled (MSE) Coupled

Sim. Sim.

A 0.041 0.015

B 0.054 0.021

C 4.904 0.803

A′ 0.001 0.001

B′ 0.001 0.001

C′ 0.129 0.127
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Sampling

Interpolation kernels - Dirichlet kernels

H lk = sin{Kπ[(l−1)Ti−(k−1)T ]/[(L−1)Ti}
K sin{π[(l−1)Ti−(k−1)T ]/[(L−1)Ti} - K = 37 - T = 1/9s

H
′
lk ′ = sin{K ′π[(l−1)Ti−(k ′−1)T ′]/[(L−1)Ti}

K ′ sin{π[(l−1)Ti−(k ′−1)T ′]/[(L−1)Ti} - K ′ = 53 - T ′ = 1/13s

Same duration - 4s

A

◦

B

◦

C

37

A′

◦

B′

◦ 53

C′

10

3

(1/σ2
c )‖HC−H′C′‖2F
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Figures

• Tofu cubes:
http://4vector.com/free-vector/tofu-cubes-clip-art-105437.

• Monolith discovery in ”2001 a space odissey”: MGM, Stanley Kubrick
Productions.

• MEG: http://www.psy.cmu.edu/ lholt/php/researchMethods.php.
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