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PARAFAC2 is a tensor decomposition method that allows the B
mode to have a different factor matrix for each frontal slice
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for each time step
[Harshman, RA. UCLA working papers in phonetics 1972]



https://www.psychology.uwo.ca/faculty/harshman/wpppfac1.pdf

PARAFAC2 captures both the meaningful components and
their evolution in time

Component 1

5 [Roald, M. et al. ICASSP 2020]


https://www.psychology.uwo.ca/faculty/harshman/wpppfac1.pdf

However, the PARAFAC2 model fits the noise more than the
PARAFAC model and yields noisy components

Therefore we want to encourage
smooth components through
regularisation
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To solve the PARAFAC2 problem (with ALS):

K
minimize Z H AD;{BZ — X H

st. B,B,=®  Vk

Dy = diag (cg.)

2

F

[Kiers HAL. et al. ). Chemometrics 1999]



https://doi.org/10.1002/(SICI)1099-128X(199905/08)13:3/4%3C275::AID-CEM543%3E3.0.CO;2-B
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Dy = diag (cg.)

To solve the PARAFAC2 problem (with ALS):

K
minimize E H ADkBZ — X H

st. B,B,=®  Vk

We reformulate it to this problem

2

F

K 2
minimize E H ADkABTPZ — Xk ||
A7AB{Pk7Dk}kSK k—1

st. PiP,=1 Vk

F

[Kiers HAL. et al. ). Chemometrics 1999]



https://doi.org/10.1002/(SICI)1099-128X(199905/08)13:3/4%3C275::AID-CEM543%3E3.0.CO;2-B

To solve the PARAFAC2 problem (with ALS):
K

2
minimize E H AD;B; — X, H
A’{Bk’Dk}kSK F
st. B,B,=® Vk
We reformulate it to this problem
—-—=
minimize Z H ADk'ABTPTl— X H
AyAB{PkaDk}kSK o
s.t. rPTPk Y AN
A Evolving
components

_ Constraint
Dk; = dlag (Ck; ) [Kiers HAL. et al. ). Chemometrics 1999]



https://doi.org/10.1002/(SICI)1099-128X(199905/08)13:3/4%3C275::AID-CEM543%3E3.0.CO;2-B

Previous work ensures smooth components by projecting the data
onto a subspace of smooth data

no

—

Standard B-spline basis vectors
[Helwig, N.E. Biometrical Journal 2017]
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Non-negativity has been imposed via a flexible coupling approach
and with a PARAFAC2 inspired regulariser

PARAFAC2
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[Cohen, JE. Bro, R. LVA/ICA 2018]
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Non-negativity has been imposed via a flexible coupling approach
and with a PARAFAC2 inspired regulariser
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AO-ADMM for
evolving components

minimize f(x) + g(zx)

s.t. x=1zy




We propose using ADMM to update the B3-components

minimize f(x)+ g( x)

X

14



We propose using ADMM to update the B-components

minimize f(x) 4+ g(zx)

X,Zx \

Auxiliary variable for the
regularisation
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We propose using ADMM to update the B-components

minimize f(x) 4+ g(zx)

X,Zx

S.t. X = Zy \

Auxiliary variable for the
regularisation
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We used the following splitting scheme to find B -matrices
with regularisation

K
minimize Z H AD;B] - X, H2 + 98 (ZB,)
{P"""ZBA’ ’YBA'}kgK k=1 F
S.t. BA. = ZB;,) Vk
B, =Yg, Vk
YL Yg, =9, VEk

17



We used the following splitting scheme to find B -matrices
with regularisation

.
minimize Z H ADkBI — Xk H2 + 9B ( )
{Bx.Z5,, Feck ket F
s.t. By Vk
B, VEk
! = P, Vk
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We used the following splitting scheme to find B -matrices
with regularisation

K 2
minimize Z H AD;B, — Xy H + g8 (ZB,)
{BrZs. Y, b k= F
s.t. =ZB,, Vk
—Va..  Vk
T _ 9, vk
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We used the following splitting scheme to find B -matrices
with regularisation

K
2
minimize Z H AD;B, — Xy H + g8 ( )
{ ‘YBk}k K k= "
s.t = 3 VEk
=2 4:% W
YL, Yi, =@, Vk
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We used the following splitting scheme to find B -matrices
with regularisation

L X . 2
(o, minimize 5 || ADAB] - Xu [+ 90 (7.
s.t. By =12Zp,, Vi
By =Ysg,, Yk
YTB,?,YB,{ =P, VEk
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To obtain a problem that can be solved by ADMM, we use an
implicit constraint instead of an explicit constraint for Y,

K
2
. IéliniYmize} Z H AD;B] — X, HF + 9B (2B, ) + tPF2 ({YBA}kSK)
o8B T B <k k=1
S.t. BA. = ZB;,) Vk

By =YB,, vk

0, ifYL Yp =0 Vk

o0, otherwise

LPF2 ({Y'BA,};CSK> = {
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To evaluate the performance for different constraints we used the
following setup

Truncated normal distribution (I=20)

Created based on the regularisation/constraints
and shifted for each timestep (J={30, 201, 200})

C - Uniform between 0.1 and 1.1 (K={20, 40})

X1

:x:noise =X + 778
€|

Sijk: ~ N(O, 1)

50 different datasets each setup, decomposed with 5 random initialisations for all models,
selected model with lowest SSE.

24 [Roald M. et al. EUSIPCO 2021]


https://export.arxiv.org/pdf/2102.02087

To compare performance of non-negative PARAFAC2, we used B,
matrices with elements from a truncated normal distribution
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AO-ADMM fits the data quicker than flexible, ALS has no constraints
on B mode and overfits to the noise

Noise level
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Noise level
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https://arxiv.org/abs/1802.05035
https://export.arxiv.org/pdf/2102.02087

There are also a variety of structure imposing reqularisation penalties

N —
o T 2
Encode known similarities of features X LX — :Ijn_l_ 1 — ,’L’n )
’n,:
N —
Encode piecewise constant components | ’ X | | TV — E ‘ T n+1 — T n ‘
N
2 __
Encode bounded components X —



To evaluate the performance of smoothness regularisation we used
components from fluorescence spectroscopy

Component 1 Component 2 Component 3
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[Bro R. Chemometrics and Intelligent

Laboratory Systems 1997]



http://www.models.life.ku.dk/~rasmus/presentations/parafac_tutorial/paraf.htm
http://www.models.life.ku.dk/~rasmus/presentations/parafac_tutorial/paraf.htm

Standard unregularised PARAFAC2 (ALS) finds noisy components with
the right overall shape

Component 1 Component 2 Component 3
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[Bro R. Chemometrics and Intelligent
Laboratory Systems 1997]



http://www.models.life.ku.dk/~rasmus/presentations/parafac_tutorial/paraf.htm
http://www.models.life.ku.dk/~rasmus/presentations/parafac_tutorial/paraf.htm

Graph laplacian (smoothness)-based regularisation finds components
that are closer to the truth

Component 1
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[Bro R. Chemometrics and Intelligent

Laboratory Systems 1997]



http://www.models.life.ku.dk/~rasmus/presentations/parafac_tutorial/paraf.htm
http://www.models.life.ku.dk/~rasmus/presentations/parafac_tutorial/paraf.htm

Graph laplacian (smoothness)-based regularisation finds components
that are closer to the truth
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http://www.models.life.ku.dk/~rasmus/presentations/parafac_tutorial/paraf.htm
http://www.models.life.ku.dk/~rasmus/presentations/parafac_tutorial/paraf.htm

To evaluate the performance with TV regularisation, we simulated

piecewise constant components with 6 jumps
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[Bl]jl
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Again, the standard ALS algorithm yields noisy components

Component 1
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The components obtained with TV regularisation are closer to the
ground truth

Component 1 Component 2 Component 3
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The components obtained with TV regularisation are closer to the
ground truth

Component 1 Component 2 Component 3
A\ A\ A\
=N =N o |
"o Fir
M ™ ?i
: I ' Cl IP_'" o i O& Rl | ..r'i
I - ot taet| | | | = | I
=) = 1 1 P ] ay kA '
. Ly d
! *
™ ™ ™
i . =i . oy .
1 100 201 1 100 201 1 100 201
J J J
True ALS —a AR

35



p p

in the papers

Caining
& const
0 COP%
woach 10 s
A ap?! ) Brot
DMM 80 n g -
\(),,\\ A AFAC2 Rast f
n $ RAFS I,
PARAFACz A0~ADMM- C . An PAF S
* -0nstrajpgg in aj] Modeg d ot ®
Mai gy ; o e
Carla Sche, ie W Co i e
St Mo . T o S Coten i 4 Mo T ey B e
for il £ POl Copgy, Univergy, i Acar e o 00 2 oce -
€ Ol g iring ol Engpg i, Chn RS Sy Metpotit oy sroct e e
Jﬁ\{.,,f‘j’:’ ik g oy Hetmpojpgn oS b s, hisy il Engigeqn” B i e o
i Oxdo, Norugy rcmy g KE 0o, ey e 350 o Uy X
S 88 e T
\,.W»AM.‘;"‘: 2 AS . e ok s
e ey . e
s ,,.,.h,mm‘:;;:ﬂf;m“ 2 Besible sy, - P e
e h i T
lemar ey ok s o, V01 b, b, 0 et i o o
B e o S e S o
T e ] e e
S et
el o 2P0 et Dt e i sy g o & 0T o 8 100
5 e T i et 0oy, e PARAEAC? g o B g
O ynl;m,,,wmmml.wnmm.# this o, R g i oY O vl
T oMb g lermatig b of o
o T ‘mh"_m_»....ru,n::..‘m.uﬁm..y,. e T e SO i 1M, 1, 5%
it horan 2 Doy o Our 3 chao © impoge o o 2. Thergy is £
< e, ..?;(::z;:m.;,,,,,“nm"m'ﬁ S S e ) e fom
T Py .Z“.,m'\“;";;rn ton (13 7, 5, o "“,”W: ok i o swaseed T CANDE
= - i © Smoothpey, e data teny are 00 . | o
ke T o e i rojectey ok 370 oot
&0 2 Tenor docuppagy O L v A by the i line ot e s oo,
= . A0 Ay o M,cw.,.wm.,pR\.JQ,,W"‘ . e
. S ko e e i oFthe s fioverer, tion gots s 50 o
o en’ . g L s e B e, P g grodUCE et
Sc en 9Je - o es. = i patel O, . ey oo s 2 ot Kning 1 by L ey e NP
. > et o comppe doa gy el 3 i ling ppeos S a0 g
Roald, C. nts in all m EieaE PEnEE
oo, 9 ience rmmnmmv»\wl\unvp,umm S e e
. : Constrai e SR
. Ancer e Uaristion e oY Y0 or of using 3
- D . o b S e, Py b PARArc ) g « S
F b f e s ! 0 caabicy P of g i coupieg . g
4 ks o g, T . sbles  maiy it " oegaive st © iy o R
. a e A2 S o A 1 e i =
ava ! lon i mede *
DS arxiv p 3 o g e
it ~
. to SIMODS, S

O b
e A St g i B i 0 e ot
larisatiog, Towever, vy g o

e g g wep

PARARAC e dagy, e Primerily

: ilable
. de is availab
. s and the co €021
itional detai MM-EUSIPCO21
A;jlslarieRoald/PARAFAc—z'Agi'Do ADMM-SIMODS
ithul?I;CT;T;om/ MarieRoald/PARAFAC2-AOAL
github.

36


https://github.com/MarieRoald/PARAFAC2-AOADMM-EUSIPCO21
https://github.com/MarieRoald/PARAFAC2-AOADMM-SIMODS
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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In summary, PARAFAC2 is a promising model for tracing evolving
networks, and with PARAFAC2 AO-ADMM, we can improve model
interpretability through meaningful constraints

V- Vb, 1, [

o (o)
simulamet £*%, @ i i



https://www.psychology.uwo.ca/faculty/harshman/wpppfac1.pdf
https://export.arxiv.org/pdf/2102.02087

In summary, PARAFAC2 is a promising model for tracing evolving
networks, and with PARAFAC2 AO-ADMM, we can improve model
interpretability through meaningful constraints

V- Vb, 1, [

Questions?

o (o)
simulamet £*%, @ i i



https://www.psychology.uwo.ca/faculty/harshman/wpppfac1.pdf
https://export.arxiv.org/pdf/2102.02087

For the AO-ADMM scheme, we fit the modes alternatingly and solve
the reqularised subproblems with ADMM

Until convergence:
Update A matrix
Update B, matrices
Update C matrix (D, matrices)

45 [Huang, K. et al. IEEE Trans. Signal Proc. 2015]



https://ieeexplore.ieee.org/document/7484753

The ADMM updates for the A and C matrix are well known, so we
focus on how to update the B, matrices with regularisation

Update B, matrices

46
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Using ADMM, we ([ ADeT x| +

obtain the following ;e e min ¢ &|Bx — (25, — 1) )Hfﬁ (
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( T 2 )
AD.BT — X, H +
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( T 2 )
F
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Update second auxiliary variable to
follow the PF2 constraint while being

50

close to the components
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Update the second scaled dual variable
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to correct the constraint coupling
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We repeat these steps ADBT - X, |+
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To compute the prox for the PARAFAC2 constraint, we use the
Y, = P Ag reformulation used for unconstrained PARAFAC2
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To compute the prox for the PARAFAC2 constraint, we use the
Y, = P Ag reformulation used for unconstrained PARAFAC2

{
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To compute the prox for the PARAFAC2 constraint, we use the
Y, = P Ag reformulation used for unconstrained PARAFAC2
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To compute the prox for the PARAFAC2 constraint, we use the
Y, = P Ag reformulation used for unconstrained PARAFAC2
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